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Abstract

From Diversity to Adaptivity: E ective Multitask Learning
and Continual Learning Neural Architectures

Bo Liu, PhD
The University of Texas at Austin, 2025

SUPERVISORS: Peter Stone, Qiang Liu

Despite remarkable successes from recent advances in deep learning, there
remain many challenges. This dissertation focuses on two specific challenges: effectively
optimizing a linear combination of multiple loss functions and enabling continual

learning for deep neural networks.

The first part of the thesis addresses the challenge of optimizing loss functions
composed of heavily conflicting components. In deep learning, it is common practice
to optimize a combination of several loss functions to satisfy multiple desiderata.
However, standard optimization techniques can lead to poor local minima for these
problems, as different loss functions often conflict with one another. A few loss
functions with dominating gradients may tend to be disproportionately optimized,
thereby dictating the entire optimization trajectory. To mitigate this issue, we propose
a method to quantify the local conflict and design algorithms that minimize the overall
loss following trajectories that achieve a more balanced descent of the individual
sub-losses. Empirical results demonstrate that these methods produce better local

minima.

The second focus of the dissertation is on continual learning, enabling deep

networks to autonomously adapt. Traditional deep learning models become static after
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training. We present two methods to overcome this limitation: dynamically expanding
the network’s architecture in response to new data, and designing architectures that
inherently support online learning. These innovations allow networks to autonomously

update and adapt over time, reducing the need for frequent retraining.

Together, these efforts take steps to enable deep learning models to learn from

diverse loss functions and adapt continually to new data and problems.
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Chapter 1: Introduction

In recent years, deep learning has made substantial progress. With advances
in computational power and the scale of models, deep neural networks have shown
impressive results in various applications, including natural language understand-
ing ( , ) and photorealistic image generation ( : ).
For instance, models like the Generative Pretraining Transformer (GPT) (

), which predict the next token in English text using an autoregressive

objective, have successfully engaged in complex dialogues with humans.

Despite the success of deep learning, many research challenges remain and may
even be growing. In particular, there areptimization challengesrelated to e ectively
optimizing deep networks given a loss function and neural network architecture;
architecture challengesn designing better neural networks for speci ¢ applications;
and learning challengesn developing improved learning frameworks, objectives, and

methodologies to enable more e cient and e ective learning.

This dissertation focuses on addressing two speci ¢ challenges: the e ective
optimization of complex loss functions composed of multiple conicting sub-loss

functions, and enabling continual learning in neural networks.

Con ict-Averse Optimization The rst part of this dissertation addresses the
challenge of optimizing neural networks with complex loss functions composed of
multiple, often con icting sub-losses. In deep learning, it is common to optimize a linear
combination of multiple loss functions to balance competing criteria. Examples include
trading o model performance against complexity, balancing reward optimization
with exploration in decision-making, learning a single model across multiple tasks
(multitask learning), or training a model capable of handling di erent data modalities

(multimodal learning).
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Taking multitask learning as an example, the standard approach is to optimize
a linear combination of task-specic losses, e.g., the average loss, with the hope
of leveraging shared structures among tasks for e cient learning. However, when
task losses con ict|indicated by highly negatively correlated gradients|optimizing
the average loss can result in a challenging optimization landscape. In such cases,
conventional optimizers like gradient descent or Adam ( , ) often
lead to bad local minima with high average loss, where only a few task losses are

adequately optimized while others lag signi cantly.

Previous research has highlighted the issue of con icting gradients ( ,

) as a key factor in this phenomenon: at each optimization step, the gradients
of certain loss functions can dominate, leading the optimization trajectory toward a
model that disproportionately optimizes a limited subset of the tasks. To address this,
the rst part of the dissertation focuses on mitigating the con icting gradients issue to
maintain a more balanced progression among all loss functions. Our approach involves
guantifying the extent of con ict at each optimization step and developing algorithms
that adjust update directions to optimize all losses more evenly while ensuring the
descent of the main loss (typically the average). Empirical observations suggest that
these methods can lead to better local optima for the linearly combined loss function.
For example, in multitask learning, we observe that the proposed algorithms can steer

the optimization trajectory toward solutions with a lower average loss.

Continual Learning The second challenge this dissertation focuses on is continual
learning, also known as online learning or lifelong learning, enabling neural networks
to learn continuously. Most contemporary deep learning models are trained once and
deployed statically, even though they continue to generate and encounter new data.
Updating such models often requires expensive retraining.

This dissertation explores two strategies to equip neural networks for continual
adaptation. The rst method proposes expanding the network's architecture dynami-

cally, by navigating the steepest descent in the parameter space of all architectures
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rather than in the parameter space given a xed architecture. This approach allows
networks to expand in response to new problems or when they reach their learning
capacity|where they no longer e ectively learn from data. The second method
focuses on neural networks that inherently integrate online learning as a part of the
neural architecture, enabling them to update autonomously at deployment as they
process new inputs. The main idea is to link the solution of a per-step online learning
objective to the recurrent update of a recurrent neural network. Therefore, designing a
recurrent network reduces to designing an online learning objective. The last step is to
identify a good online learning objective. Prior research has argued that transformer
models ( , ), the most commonly used deep neural architecture
in modern deep learning, are powerful because they have strong associative recall
ability ( : ), the ability to retrieve values from their corresponding
keys after the model observes a sequence of key-value pairs. Hence, we adopt an online
associative recall objective and use its per-step closed-form solution as the design of a

recurrent network that learns to learn online.

1.1 Contributions

In summary, this dissertation focuses on addressing the following question:

Thesis Question (TQ): How can one train a neural network that ful lls
multiple desiderata and learns continually?

To address this question, the dissertation presents the following contributions:

" (C1) E cient Algorithms for Mitigating Con icting Gradients We
present a way to quantify the amount of con ict at each optimization step when
a linear scalarization of multiple loss functions is optimized. Then we propose a
method to mitigate this local con ict. Building on this framework, we introduce
a second approach that enhances computational e ciency by eliminating the

need to compute and store all objective gradients explicitly.
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" (C2) An Algorithm for Growing Deep Neural Networks We present an
algorithm for dynamically expanding neural networks, allowing a neural network
to enlarge its capacity when it reaches learning capacity, or when it needs to
adapt to new data/tasks.

A

(C3) A Recurrent Sequence Model that Learns to Learn Online We
present a uni ed framework that reinterprets the recurrence update in recurrent
networks as solving an online learning objective. As a result, we design a novel
recurrent model from solving an online memory compression objective, the online
associative recall. After training, the model by design continually modi es its
memory state when it observes new data.

The rst contribution addresses the rst part of the thesis question (How can one
train a neural network that satis es multiple desiderata), and the second and third
contributions address the second part of the research question (how can one train a
neural network that learns continually). Note that the strategies developed from the
two parts shall in principle be used simultaneously.

1.2 Dissertation Structure

The dissertation is structured as follows.

" Chapter 3 : This chapter introduces Con ict-averse Gradient Descent (CAGrad),
which quanti es and mitigates the local con ict happened during optimizing a

linearly combined multiple loss functions.

" Chapter 4 : Building upon CAGrad, this chapter presents the Fast Adaptive
Multitask Optimization (FAMO), which improves the computation e ciency of
CAGrad by eliminating the need to compute and store gradients from di erent
loss functions.
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" Chapter 5 : This chapter introduces Fire y, a general framework designed to
facilitate the growth of neural networks. Fire y strategically adds new neurons
to the network when it approaches its learning capacity or when there is a need
to train on new datasets while preserving performance on previously learned
data. We add new neurons by nding the best candidate architecture that
decreases the loss near the functional neighborhood of the current architecture.

Chapter 6 : This chapter introduces a general framework that views the design
of recurrent models as solving online learning problems. In particular, the
recurrent update of a recurrent network can be derived from explicitly solving
certain online learning problems. Based on this insight, we introduce a deep
sequence model, Longhorn, that consists of a stack of linear recurrent models
(a.k.a., state space models) and feedforward networks. Longhorn by design solves
the online associative recall problem. As the architecture incorporates online
learning by design, it can extrapolate to context length longer than it sees during
training. Moreover, as it is a recurrent model, the inference cost remains linear
in the sequence length, in contrast to the quadratic cost of the Transformer

model, which is the building block of modern foundation models.

Chapter 7 : This chapter provides an overview of related papers and existing

e orts.

Chapter 8 : This chapter provides a summary of the contributions, and points

out several promising future directions.
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Chapter 2: Background

This chapter provides the necessary background behind the thesis contributions.
We discuss the background on multiobjective (or multitask) learning in Section 2.0.2,
continual learning in Section 2.0.3, and sequence modeling in Section 2.0.4.

2.0.1 Notation

Throughout this work, we usek to denote the number of objectives (or loss
functions). Unless otherwise speci ed, we assume the model is a deep neural network
f , where 2 R™ represents the model's parameters as a concatenat@ddimensional
vector. In other words, corresponds to the attened set of learnable neural network
weights, with m potentially reaching millions or even billions for large-scale deep
networks. We use ( ) to denote the learning objective (or loss function) for training

. In a supervised learning setting, we are given a dataset of input and label pairs,
i.e.,, D = fx;yg. Hence, ( ) = Exy) oll(X;y; )], wherel is the per-data loss (e.g.,
", loss in regression or cross-entropy loss in classi cation). If multiple objectives
exist (e.g., from di erent tasks, datasets from di erent domains, or simply di erent
criteria), we usei( ) to denote thei-th objective. We use k] to denotef 1;2;:::; kg,
the set of positive integers up tdk. We use o( ) to denote the average loss across
all objectives: "o( ) = % i2[k]\i( ): Throughout the dissertation, we assume all
objectives are continuous and di erentiable, and usg as the abbreviation for the
objective gradientr “i( ). Similarly, goisr o( )= %P i2p G- We usehe; b and ab
interchangeably as the inner-product between vectoi@g and bin R™, i.e., ha;b =

jm:1 a;hy. In addition, we useS, to denote the probability simplex ink-th dimension,
e, SK=fw2RYj w =1; 8i;w; 0g.

25



2.0.2 Multiobjective Learning

Fortunately, all of the above can be formulated within a single problem, known
as the multiobjective learning problem ( : ). In multiobjective
learning (or multiobjective optimization), for a given modelf ; 2 R™, there existsk

min “1( )i w() 2 RX: (2.1)

Note that here the thing inside the parenthesis is a vector ikR-dimension, hence

multiobjective optimization is optimizing a vector objective.

Multitask Learning as Multiobjective Learning Throughout the thesis, we will
use multiobjective and multitask learning ( , ) interchangeably. While
multitask learning generally refers to training a single model with parameters that
performs well acrosk tasks, the exact de nition of a task can vary depending on the
application. To unify the terminology, we frame each task as being associated with a
speci ¢ objective function “;( ). Consequently, we treat multitask learning as a special
case of multiobjective learning, where each task corresponds to an objective function.
Throughout this dissertation, we primarily focus on the optimization challenges that

arise from this perspective.

In multiobjective optimization, as formulated in (2.1), it is generally not guar-
anteed to nd a feasible solution that minimizes all objective functions simultaneously.
Consequently, the focus shifts to Pareto optimal solutions|solutions that cannot
be improved in any objective without causing a degradation in at least one other

objective. This concept leads naturally to the formal de nition of Pareto Optimality.

1If some objective function is to be maximized, it is equivalent to minimizing its negative or
inverse.
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De nition 2.0.1  (Pareto Optimality ( , )). In a k-objective learning problem

with loss functions™y;::: ', we say ; dominates , (denoted as ; 0) if
82k, i(1) “i(2: and 9 2[k]; (1)< j(2):
Then, we say is Pareto-optimal, if

@ 02 Rm, 0

When one works with non-convex di erentiable objectives, it is more reasonable

to seek local Pareto optimal points, which are the Pareto stationary points.

De nition 2.0.2 (Pareto Stationary Points). For a k-objective learning problem with

di erentiable loss functions "1;::: ¢ in R™, we say is Pareto stationary if

X 2

min Wil =0:
w2 K i ! I() 5

Here, S¢ denotes the probability simplex ik dimension.

It is easy to tell that from the de nition of Pareto optimality, it often leads to
a set of solutions withk > 1 (even if each’; is convex). In other words, in principle,
within the Pareto optimal solutions, one cannot tell which solution is better.

Finding the entire Pareto optimal set can be challenging. In practice, people
are satis ed with a single-point Pareto optimal solution. In fact, instead of optimizing
the vector loss in(2.1), one often optimizes the average losg( ) = % !‘:1 ()2 We

can show that the optimum of " is always Pareto optimal.

Theorem 2.0.3 (Optimum of g is Pareto Optimal). Assume 2 argmino o( 9 =

1

15K (9, then is Pareto optimal.

2Although optimizing "o is common, we will show that such practice can lead to practical
optimization challenge in Section 2.0.2.
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Proof. Assume otherwise, there exists® , then we have

X X
W= W< 0= e

i=1 i=1
The inequality follows from the de nition of Pareto optimality. This above contradicts

the fact that is an optimal solution to *g. Therefore has to be Pareto optimal. [

Challenge in Multiobjective Deep Learning When we move to deep learning,
wheref is a deep neural network with non-linear activations, the loss functions( )
will be highly non-convex in terms of . In deep learning, there is no closed-form
solution for even under the single-objective case; therefore, iterative methods like
gradient descent are often used to nd the ideal. For instance, (1 ¢ (),
where is the step size of gradient descent. However, gradient descent and its variants
can only guarantee convergence to stationary points (or local minima) of the loss
function. Therefore, minimizing o when are the weights of a deep neural network
ends up in local minima of 3. While this seems okay at rst glance, it is empirically
observed that the local minimum found by gradient descent for, in deep learning (

, ), though it is Pareto stationary, can be Pareto suboptimal.

While this phenomenon lacks a solid theoretical understanding, here we aim to

provide a thought experiment that o ers intuition as to why this could happen.

It is known that the loss landscape for deep learning is highly non-convex (

: ). For each objective function;, there may exist multiple low-loss regions.
However, during the optimization of ( with gradient descent, the gradients of di erent
objective functions vary in norm and direction. Therefore, it is possible that one or
more objective functions dominate the learning process. For instancegif=r "1( )
contributes to the vast majority of go = r “o( ), then it is possible that *; is mainly
optimized at the expense of others. But recall that there are multiple low-loss regions
for "1; the learned model might end up in a low-loss region fog that is not a low-loss
region for the other objective functions, while still being Pareto stationary.
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We emphasize that the above is only a thought experiment inspired by empirical
observations of multiobjective deep learning and does not have a solid theoretical
justi cation, as the exact learning mechanism of deep learning, even in a single-
objective setting, remains unclear. However, based on this intuition, one might see
that to better optimize even the ", it is critical to ensure that no single objective

function dominates the optimization trajectory.

More concretely, we can focus on the local update of multiobjective learning.
Assume we update the model parameter in an iterative fashion (as in standard

(stochastic) gradient descent):
t+1 t de

Here, . is the model's parameter at timet, and d; 2 R™ is the update vector, and
is the step size. Then we can say that at least locally, @n ict among objectives
happens if the update leads to an ascent in any objective function, which is called the

con icting gradients phenomenon ( : ). Formally, we de ne the following.

De nition 2.0.4 (Conicting Gradients (CG)) . At time t, assume we update the
model parameter via

t+1 t di:

Then we saycon icting gradients happens if
9i 2 [K]; hr i( ¢);di < O:

Assume the step size is su ciently small, by doing a rst-order Taylor

expansion, we can tell that
W) 00 rlieg)idd > iC):
<0

Thus, when CG occurs, updating in the direction off; results in at least one loss
objective " worsening.
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It is important to note that CG is common in stochastic optimization when
g = r i is replaced by a noisy gradient estimate. For instance, even if a@jl are
the same, their stochastic version§ = g + i, where ; are stochastic noise, might
con ict with each other. However, such con icts are not persistent, in the sense that
in expectation they do not con ict. In contrast, when CG consistently occurs for one
or more objectives, it becomes problematic. By mitigating CG locally, we can ensure
that, over the course of the optimization trajectory, the objectives are more balanced

in their optimization progress compared to cases where CG is left unaddressed.

2.0.3 Continual Learning

Continual learning (CL), also known as lifelong learning or online learning,
is concerned with learning sequentially over time, potentially even with a changing
objective. In particular, the agent encounterd data points (or datasets) sequentially,
with its corresponding loss function'(( ). Then the learning objective is to minimize

the following ( : )

min H‘z? st. 8s<t; ‘ls() {is(t 12 o: (2.2)

plasticity stability

In essence, our goal is to identify model parameters that simultaneously minimize the
current loss objective|a capability referred to as plasticity, which denotes the ability
to acquire new knowledge|while preserving the information learned from previous
tasks, known as stability, which is the capacity to retain existing knowledge (

, ). In general,; is not the same ass whens 6 t, due to shifts in input data
or evolving loss objectives. Under this setting, continual learning can be considered

an online extension of multiobjective learning.

In the context of online learning, speci cally online convex programming (
, ; , ), the goal is slightly modi ed to minimize the
overall regret. In particular, the agent gets to choose; from a convex set at each

time step. After . is chosen, the loss is revealed ag ), where ', is also convex.
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. N P :
The goal is to minimize the sum of losses . , s( s), and the regret is computed as

X X
Ry = “s('s) min s(): (2.3)

s t s t

In practice, standard practice to design an online convex programming algorithm has

to update the parameters as a trade-o between plasticity and stability ( ,

; , ):
min I{(Z? tD( ; (2.4)

plasticity stablllty

where " is often a convex function, andD ( ; ) denotes certain convex divergence that
measures the similarity between and ; ; (e.g., the ', distance). Note that, (2.4) is
very similar to (2.2) in the sense that they both try to balance stability and plasticity

as the agent learns online.

Remark An important limitation of contemporary large foundation models is
that they cannot continually adapt. Once trained, the model weights are xed for
deployment. To achieve general intelligence, it is critical that these models can
autonomously update themselves over time. There are three main types of methods
in continual learning: 1) regularization-based methods that directly solve th§.2) or
(2.4) from an optimization perspective ( , ; , ;
, ; : ), 2) replay-based methods that replay the old
data together with the new data ( : ; : ;
: ; , ), and 3) architectural growth methods
that gradually expand the network to learn new tasks ( , ; :
, ,a; , ), while minimally changing existing learned
parameters. We discuss these methods in detail in Chapter 7. In practice, methods
under category 1 often struggle to retain previously learned knowledge e ectively.

Category 2 methods outperform regularization-based approaches but necessitate
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storing past data. Architectural growth methods in Category 3 typically perform best
at retaining prior knowledge but tend to lose plasticity and thus are insu cient to
achieve true online learning. For a comprehensive survey of existing continual learning

methods, we refer the reader to two survey papers ( : ;

, )

2.0.4 Sequence Modeling

Since the introduction of the Transformer architecture ( , ),
sequence modeling has become a versatile framework applied across various domains
of deep learning, playing a signi cant role in the development of large-scale models.
While natural language is naturally suited to sequence modeling, recent progress has
shown that this approach can also be e ectively adapted for tasks in image and video
processing ( , ; , ), where spatial information
is organized sequentially. Similarly, domains such as robotics and reinforcement
learning are increasingly exploring Transformer-based architectures for tasks involving

decision-making and control ( , ).

In the following sections, we provide an overview of autoregressive sequence
modeling, a key principle underlying the success of models like ChatGPT)( Then, we
will examine existing sequence modeling neural architectures, including the Transformer
model, recurrent neural networks (RNNSs) like the Long Short-Term Memory (LSTM),
and more recent developments in Deep State Space Models (SSMs), and discuss their
pros and cons. Speci cally, we examine the strengths that establish the Transformer
as a state-of-the-art architecture over traditional recurrent networks and its limitations

in supporting continual learning.

Autoregressive Sequence Modeling Autoregressive sequence modeling focuses
on predicting each token in a sequence based on its preceding tokens, ensuring that

the model adheres to a causal structure where future tokens are not used to predict
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the current one. The primary goal is to learn a model that maximizes the likelihood
of sequences observed in a given dataset.

Formally, let D = f(x(li);xg);:::;XQ))gi'\':1 represent a dataset containing\

sequences, each comprisinig tokens from a nite vocabulary (e.g.,x 2 V). The task
is to learn a generative model , parameterized by , that captures the underlying
distribution of sequences irD. The key characteristic of an autoregressive model
is its causal nature: the probability of each token depends only on the tokens that
precede it, without any access to future tokens. The joint probability of a sequence is

decomposed into the product of conditional probabilities, as follows:

X Y . .
pD)=  F ) f o ixE) (2.5)
i=1 t=2
wherex« = (X1;Xp;::1; X 1) represents the history up to (but not including) time

stept. Importantly, by training f to maximize the likelihood of the sequences in
D, the model learns to generate sequences that resemble those in the dataset. In
other words, thef is a generative model and can be applied recursively to generate

arbitrarily long sequences (if we do not consider the computation cost).

In practice, autoregressive models are widely used in natural language process-
ing, whereD typically consists of large corpora of human language. The resulting
modelf , often referred to as a language model, can then be used for text generation,
where new sequences are generated one token at a time, conditioned on previously
generated tokens. For standard autoregressive foundation models like large language
models (LLMs), their development and usage consist of three stages:

" Training Stage: Given a large datasetD of sequences (usually the internet-
scale language corpora), we train the modél on datasetD, by maximizing the

log-likelihood given in (2.5).

" Finetuning Stage: Given a small datasetDy with questions and high-quality

human responses (usually labeled by human experts), we netune the pretrained
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Figure 2.1: left: a standard Transformer block in the modern Transformer
model, which consists of a self-attention layer followed by a feedforward multilayer
perception (MLP). right: the PyTorch-like pseudocode for a Transformer block.
Note that both self-attention and MLP layers adopt residual connections.

f on datasetDy, either with supervised netuning or with reinforcement learning

from human feedback ( , ), or a combination of both.

" Inference Stage: Given an initial prompt (e.g., a sequence of tokens) of
length t, the modelf predicts the next tokenx;,; conditioned onx« +;, and
then feedsx.; back to the model, recursively predicting the next token, until a

certain maximum length is reached or a termination token is output.

It is important to note that the described three-stage framework re ects contemporary
standard practices and is not a de nitive pathway to achieving general intelligence. In
fact, for truly continual learning systems, these stages should ideally be integrated,
enabling the model to learn dynamically after deployment, much like human learning.

Transformer (Attention-based Sequence Models) A modern Transformer
model takes input as a sequence of vectors and outputs a sequence of vectors. A
Transformer consists of several layers of Transformer blocks, and each Transformer
block involves two parts: 1) a sequence-mixing layer known as the self-attention layer,

that aggregates information over the sequence dimension, and 2) a channel-mixing
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layer known as the feedforward layer (or multilayer perception (MLP) layer), that

aggregates information over the channel (hidden) dimension (See Figure 2.1):

X X+ SA(LayerNorm(x));
(2.6)
X X+ MLP (LayerNorm(x)):
Here, we assume& 2 R" 9, wheren is the sequence length and is the hidden
dimension, the MLP has 2 layers (1 hidden layer), and Attn refers to the self-attention
layer:

Q = XWq K = xW;V = xW,; whereWy; Wi; W, 2 R* ¢
2.7)

1
SA(x) = Softmax (p—aM QK™ )V:
Here,M is called the causal mask, which is a lower triangular square matrix of size
n n that prevents token x; from seeing into the future. In practice, the SA layer
will have multiple heads in the sense that we compute multipleQ; K;V tuples, and
conduct the softmax individually for each of them, then concatenate the outputs to

form the nal output of the SA layer. For instance, assume there existh heads:
Q= rearrange (Q;(hd)! hd9
K = rearrange (K;(hd%! hd9

V = rearrange (V;(hdd! hd9 (2.8)

SA(x) = cat Softmax (p%)M QK )V; 8i2]h] :

Here, X; refers to thei-th row of X, e.g., X; = X;... rearrange refers to the
reshaping of a tensor (in this case, we just reshape a 1D tensor to a matrix). By having
this self-attention module, essentially Transformer stores all its past information, i.e.,
it lets the token x; at time t freely attend to any token in the past through the
attention matrix Softmax(pl—aQK>). Most importantly, the transformer architecture

is highly parallelizable, because the computation at the time stefppdoes not need to
wait for any computation from the previous step. As a result, the transformer can be

easily scaled to very large sizes and trained on very long sequences.
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A major limitation of the Transformer model is that its inference cost is
guadratic in the sequence length. This can be easily seen from the fact that when
the model predictsx;, the SA layer has to attend to all previoust 1 tokens, giving
the total computation cost P < 1O(s) = O(t?). As a result, it is not clear how to
build a truly continually learning agent based on the Transformer model, as it needs
to keep all history tokens at inference, limiting the total number of tokens it can see.

Recurrent Neural Network A recurrent neural network (RNN), in its simplest
form, is
st = f (st 15%)
(2.9)
Yt = 0(St):

In this context, the function f represents the recurrent component of the model,
accepting the prior state vectors; and the current input x;, and subsequently generating
the subsequent state vectos;.; . The model outputs predictions based on the current
state vectors; via an output function o. When training a recurrent neural network
(RNN) using backpropagation ( : ), challenges can arise if the
sequence processed is lengthy, leading to gradients that either explode (become
exceedingly large) or vanish (tend toward zero). This phenomenon occurs because the
gradient of f involves the recursive product of Jacobian matrices associated with each
timestep. If the absolute value of the largest eigenvalue of these matrices exceeds 1,
the gradient will exponentially increase as the sequence progresses, potentially leading
to instability. Conversely, if the absolute value of the largest eigenvalue is less than
1, the gradient may diminish, impeding e ective learning as deeper layers or earlier
timesteps exert increasingly negligible in uence ( , ). The famous
Long Short-Term Memory (LSTM) ( : ) mitigates
the gradient vanishing/exploding problem by designing a \constant error carousel” (a

variant of the residual connection ( : ) in modern terminology), and its
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Model Performance Parallelization Inference Cost

Transformer Strong Yes 0o(n?)
RNNs Okay No O(n)
Linear Transformer / SSM Good Yes Oo(n)

Table 2.1: Comparison of Transformer, RNNs, and Linear Transformer/State
Space Models based on performance, parallelization (w.r.t the sequence dimension),
and inference cost (w.r.t to the sequence lengt).

per-step update is de ned as:
it=" (Wilst 1;x]+ h);
fo=" (Wilse i+ by);
o= (Wolst 1%+ hy) (2.10)
Ci=ft G 1+ir tanh (Welst 15 %] + b);

st = o tanh (C):

Here, ;b denotes the concatenation of vectoraand b, (x) =1=1+ e ¥) is the
sigmoid function and tanh (x) = (€ e *)=(e* + e *) is the hyperbolic tangent

function.

Although LSTM mitigates the gradient vanishing/exploding problem, LSTM
does not completely solve the problem and can still su er from it. More importantly,
as each recurrence step depends on the previous state of the RNN (@e; and s; 1),
the computation has to be done recursively, which means the computation is not
parallelizable over the sequence dimension, as opposed to the Transformer model. As
a result, LSTMs have gradually been replaced by the Transformer model for training

very long sequences as in language modeling.

Linear Attention and State Space Models So far, we have introduced both
Transformer and RNN models. Transformer models demonstrate strong performance
and have therefore become widely adopted in deep learning. However, they su er

from an O(n?) inference cost, wheren is the sequence length, making them ine cient
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for long sequences. Additionally, they are fundamentally limited in handling in nite
context lengths. On the other hand, RNN models bene t from a more e cientO(n)
inference cost with a xed memory size, but they are harder to train and generally
do not achieve the same level of performance as Transformers. This naturally raises
the question: Is there an alternative that combines the strengths of both models? In
this section, we introduce linear attention models, also known as deep state space
models, which show promise as an alternative by leveraging the advantages of both

approaches.

If we take a closer look at theSA layer in Transformer, we notice that the
reason why Transformer su ers &3(n?) inference cost is due to théSoftmax function.
Because inSoftmax , one needs to compute the normalization (or the partition
function) over all existing tokens, which makes the per-step inference linear to the
sequence length. A natural alternative is just removing th&oftmax , which leads to
the linear attention (LA) ( , ):

LA (x) = pl—aM QK >)V: (2.11)

Importantly, as matrix multiplication is associative, if we temporarily ignore the causal
maskM , instead of precomputingQK > 2 R" ", one can comput&k >V 2 R? 9, When
the causal maskM is taken into consideration, one can instead nd the recursive form

of LA:
S =S 1+ kv,
(2.12)
Yi = S{a

Here,y; is the output of LA at time t, and S; is the state (as in the RNN) at timet.
LA is a special linear recurrent network, where the recurrence is a simple addition.
Therefore, during training, one can use the parallel form i{2.11), and at inference,

one can apply the recurrent form (2.12).

State space models (SSMs) ( , ) have recently become a

promising alternative to Transformers as well. In its most general form, a state space
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model looks like:

AS; 1+ BXy;

St
Yt

(2.13)

CS; + Dxy;

where A; B; C; D are matrices that are potentially dependent on the inputx;. LA
is a speci c SSM as one can recover SA by settify as the identity matrix, and
Bx: = kiv{, and setC = g and D = 0. When A is a constant matrix, the computation
of S; reduces to a long convolution, because

X
—_ t .
S = A SBXS. (214)

s t

Modern deep state space models makeB; C depend on inputx, for richer repre-
sentational power ( , ), and therefore convolution can no longer be
applied. However, one can still use the parallel pre x-scan algorithm ( : )
to e ciently compute all y; in O(logn) parallel time complexity, i.e., the maximum
time spent on each computing device,((n) distributed time complexity, the time

across all distributed computing devices), witHO(n) space.

We will provide a more detailed discussion on existing deep SSM/LA models

in Chapter 6.

Remark We provide the trade-o s among di erent sequence modeling architecture
in Table 2.1. Again, the reason why we want to look into a novel sequence modeling
architecture is that we want the model to eventually learn continually, which is not
directly feasible for Transformer-based models. While RNN models in principle can be
the potential underlying backbone for a continual learning agent, they are very hard
to train over very long sequences. Therefore, it is one goal of this thesis to study novel
sequence model architectures that can potentially learn to conduct online learning,
such that at inference (or test) time, the model can continually learn new knowledge,
without explicitly conducting backpropagation.
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Chapter 3: Conict-averse Gradient Descent

The rst part of the dissertation investigates how to e ectively optimize complex
loss functions composed of multiple, potentially con icting, sub-loss functions in deep
learning. In this chapter, we focus on multitask learning (MTL), which is a specic
application that involves optimizing a linear combination of sub-loss functions, each
corresponding to a di erent task. We rst introduce the motivation behind multitask
learning and its optimization challenge in practice (Section 3.1). We then provide an
overview of related work and existing methods in this area (Section 3.3). After that,
we present our contribution, the CAGrad algorithm (Section 3.4) designed to address

the optimization challenges.

3.1 Motivation

Deep learning and deep reinforcement learning (RL) have demonstrated signi -
cant potential in enabling systems to master complex tasks. However, the extensive
data requirements of current methods pose challenges in developing a wide range of
capabilities, especially when each task is learned from scratch. A promising strategy
to overcome these challenges is multi-task learning (MTL) ( , ), which
involves training a single model simultaneously on multiple tasks, aiming to uncover
common structures that enhance both e ciency and performance compared to solving
tasks independently ( , ; , ; , ;

, ). In particular, by sharing parameters across tasks, MTL
methods can learn more e ciently with an overall smaller model size compared to
learning with separate models ( , ; , ;

, ). Moreover, it has been shown that MTL can improve the quality of
the learned representations, thereby bene ting individual tasks ( , X
, ; , ). For example, an early MTL result by ( )
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demonstrated that training a neural network to recognize doors could be improved by

simultaneously training it to recognize doorknobs.

However, in practice, multi-task learning can be a challenging optimization
problem. It is common in MTL to optimize a single scalar loss function composed
of a linear combination|often just an average|of the individual task losses. When
training a single neural network with this combined loss, prior work has identi ed
that di erent tasks exhibit varying learning speeds ( , ; ,

), which causes the model to focus on learning only a subset of tasks e ectively

while the rest of the tasks are not learned well or are barely learned at all.

This occurs because gradients of di erent loss functions can di er signi cantly
in both norm and direction at each optimization step ( , ). Consequently,
the gradient of the average task loss can be dominated by a few sub-losses, resulting

in solutions that primarily address those sub-losses while neglecting others.

To illustrate this, consider the following thought experiment: the loss landscape
in deep learning is highly non-convex ( , ), often containing multiple
low-loss regions for each task, and we assume there exists a shared low-loss region for
all tasks. When optimizing the average loss using gradient descent, di erences in the
norm and direction of the gradients for each task can lead to certain tasks dominating
the optimization process. Consequently, the model may converge to a low-loss region
for these dominant tasks, which might not correspond to a low-loss region for the
remaining tasks. But in multitask learning, the hope is to nd a shared low-loss region
for all tasks.

Note that this thought experiment is inspired by empirical observations in
multitask learning and does not have a formal theoretical foundation. The exact
mechanisms underlying deep learning, even in single-task setting, remain poorly
understood. Nevertheless, this intuition suggests that achieving e ective optimization
of the average loss requires mitigating the dominance of any single task loss during

the optimization trajectory.
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More concretely, we can focus on the local update of multitask learning. Assume
we update the model parameter in an iterative fashion (as in standard gradient
descent):

t+1 t di:

Here, ; is the model's parameter at timet, d; 2 R™ is the update vector, and is
the step size. Then we can say that at least locally, a con ict among individual losses
happens if the update leads to an ascent in any of the task losses, which is called the

con icting gradients phenomenon ( : ). Formally, we de ne the following.

De nition 3.1.1 (Coniicting Gradients (CG)) . At time t, assume we use the update
vector d; and update the model parameter via

t+1 ¢ de
Then we saycon icting gradients happens if

9i 2 [k]; hr i( ¢);di < O:

It is important to note that CG is common in stochastic optimization when
g = r ' is replaced by a noisy gradient estimate. For instance, even if a@jl are
identical, their stochastic versions = g + ;, where ; are stochastic noise might
result in an average gradient), that con icts with a subset of f § g. However, under
this case, these con icts are not persistent as in expectatidiy does not con ict with
6. In contrast, CG becomes problematic when it consistently arises for one or more
losses. By mitigating CG locally, we can ensure that, throughout the optimization
trajectory, the individual losses are more balanced in their optimization progress

compared to cases where CG is left unaddressed.

To address CG, prior approaches either adaptively re-weight task losses using
prede ned heuristics ( , ; , ) or compute update
vectors ( , ; , ) that reduce con icts with individ-

ual task gradients. However, these methods are often heuristic in nature and lack
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convergence guarantees. In this work, we propose Con ict-Averse Gradient Descent
(CAGrad), a method that mitigates CG while ensuring convergence to the minimum of
the average loss. CAGrad quanti es the degree of con ict at each stepand computes
an update vectord; that minimizes the con ict subject to the constraint that it stays

close to the average gradient, ensuring both con ict mitigation and convergence.

3.2 Notation

Throughout this work, we usek to denote the number of learning objectives
(or loss functions). Unless otherwise speci ed, we assume the model is a deep neural
network f , where 2 R™ represents the model's parameters as a concatenated
m-dimensional vector. In other words, corresponds to the attened set of learnable
neural network weights, with m potentially reaching millions or even billions for
large-scale deep networks. We us¢ ) to denote the loss function for training . In
multitask learning, we use i( ) to denote the i-th task loss function. We useK]
to denotef1;2;:::; kg, the set of positive integers up tk. We use o( ) to denote
the average loss across all taskSy( ) = % i20K] “i(): In addition, we assume all
loss functions are continuous and di erentiable, and usg as the abbreviation for
the i-th task's gradientr “;( ). Similarly, ggisr o( ) = %P 2 G- We usehe; b
and a” b interchangeably as the inner-product between vectos and bin R™, i.e.,
he; b = i jm:1 ah.

3.3 Background

In this section, we introduce the problem de nition of multitask learning as
optimizing the average task loss. Then we introduce two closely related prior works

on multitask learning that aim to mitigate the con icting gradients problem.

In multitask learning (MTL) with neural networks, we are givenk 2 di erent
tasks, and we aim to learn a single neural network , where 2 R™ is the set of

parameters in the neural network. Each task is associated with a loss function;( ).
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The goal is to nd an optimal 2 R™ that achieves low average loss:

(

=argzglin ol ), K () (3.1)

Unfortunately, directly optimizing (3.1) using gradient descent may signi cantly
compromise the optimization of individual losses in practice, leading to bad local
minima of ", solutions where a subset of losses are optimized while the rest are barely

optimized.

As discussed in the motivation section, this issue arises primarily from con icting
gradients (CG). Here, we highlight two prior methods designed to mitigate gradient
con icts that are highly relevant to our work: the Multiple Gradient Descent Algorithm

(MGDA) ( , ; , ) and Projecting Con icting Gradients
(PCGrad) ( , ).
Multiple Gradient Descent Algorithm (MGDA) The Multiple Gradient De-

scent Algorithm (MGDA) explicitly optimizes towards a Pareto-optimal point for
multiple objectives. It is known that a necessary condition for to be Pareto-optimal
is that we could nd a convex combination of the task gradients at that results in
the O vector. Therefore, MGDA proposes to minimize the minimum possible convex
combination of task gradients:
X ? X

min = wig ; S.t w, =1; and 8i;w; O: (3.2)

i=1 i=1

The dual objective of (3.2) is

wka)i milnhj; gi: (3.3)

P
To see the primal-dual relationship, denotey, = ;w;g, wherew 2 W, fw 2

P P
RK: Wi =1; w  0;8i 2 [k]g: Note that min;hg;; di = minyowh ;wig;di. The

Lagrangian of Eq. (3.3) is

: cqi 2 :
m(?x mlnwh:i,g,vl 2(kdk 1): (3.4)

ow2
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Since the problem is a convex program and Slater's condition holds wherr 0 (On
the other hand, ifc = 0, then it is easy to check that all the results hold trivially), the
strong duality holds and we can exchange the min and max:

: cqi 2 :
ror;lvlvrgwmc?xm,g,vl 2(kdk 1): (3.5)

The optimal d = g,= and the resulting primal objective is therefore
min (1k K?+1): (3.6)
ow2w 2 Ow ' '

Here, corresponds to the constrainkdk 1. If we x to be any constant, then

we recover the dual objective in Eq. (3.2).

In principle, MGDA can converge to any point on the Pareto front, the set of
solutions where it is impossible to make uniform improvement on all tasks, without
explicit control (See Theorem 2 from ( )). This property also explains
MGDA's behavior in practice: it often learns much slower than other methods. For

instance, if any loss objective enters a local optimum, the learning stops.

Projecting Con icting Gradients (PCGrad) Identifying that a major challenge
for multi-task optimization is the con icting gradient, ( ) proposes
to project each task gradient to the normal plane of others before combining them
together to form the nal update vector. In the following, we provide the full algorithm

of the Projecting Con icting Gradients (PCGrad):
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Algorithm 1 Projecting Con icting Gradient Update Rule

Input : model parameter vector and di erentiable loss functionsf *;g<, .
g r i)
9’ = g; 8i.
for taski 2 [K] do
for j 6 i 2 [k] in random orderdo
if g°© g < Othen
gC=g° L9

Tgie 9
end if
end for
end for p

Return the new update vectord = g°¢ = £~ gFC.

Di erent from MGDA, PCGrad does not have a clear optimization objective at
each step, which makes it hard to analyze PCGrad's convergence guarantee in general.
In practice, the random ordering to do the projection is particularly important for
PCGrad to work well ( , ), which suggests that the intuition of removing
the con icting part of each gradient might not be always correct. For the convergence
analysis, Yu et al. established the convergence guarantee for PCGrad only under the
two-task learning setting. Moreover, PCGrad is only guaranteed to converge to the
Pareto set without explicit control over which point it will arrive at.

Theorem 3.3.1 (Convergence of PCGrad ( , ))Consider two-task
learning, assuming the loss functions; and ", are convex and di erentiable. Suppose
the gradient of o = ( "1+ ")=2 is H-Lipschitz with H > 0. Then, the PCGrad update

rule with step sizet 1=H will converge to a Pareto-stationary point.

3.4 The CAGrad Algorithm

This section introduces the Con ict-averse Gradient Descent (CAGrad) al-
gorithm that helps mitigate the Con icting Gradients (CG) problem in multitask

learning. The main idea of CAGrad is to rst quantify the con ict at each optimization
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Algorithm 2 Con ict-averse Gradient Descent (CAGrad) for Multi-task Learning

Input : Initial model parameter vector o, di erentiable loss functionsf gk, , a
constantc 2 [0;1) and learning rate 2 R*.

repeat =
At the t-th optimization step, de ne gy = % :‘=1 r (¢ 1) and = c2kgok®.
Solve
p_ X
mzivr\}F(W) = g, Qo+ kgwk; whereg, = wir Si( ¢ 1):
w

i=1

1=2
Update (= ¢ 1 B+ igokw
until convergence

step. Then, we treat multitask optimization as a constrained optimization problem

that minimizes the per-step conict as long as the average losg is minimized.

At a given time t with model parameters , assume we take the update; (as
N {41 ¢ dy), then we de ne the local objective conictR( ¢; d;) as the minimum
decrement among all objectives:

RCud)=max ZCi(¢ d) W) minmodis @)

whereg;; is shortforr “i( {), and we use the rst-order Taylor approximation assuming
is small. If R( {;d;) < O, it means that all losses are decreased with the update

given a su ciently small . On the contrary, if R( ;d;) 0, it means after the local
update usingd;, at least one loss objective becomes dramatically worse. As a result,

R( ¢; di) serves as a measurement of con ict among objectives.

Primal Objective With the above de nition of con ict, we propose to look for
an updated; that minimizes R( ¢; d;) as long as’o, the average loss that serves as a
surrogate for multitask learning, is minimized:

[jnzaxn;[ikr}rgi;t;dti s.t.  kdi otk ckgoik; (3.8)

Here,c 2 [0; 1) is a pre-speci ed hyper-parameter that controls the convergence rate.

We provide a visualization of the CAGrad's solution compared to that of existing
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Figure 3.1: Visualization of the update of multitask gradient manipulation
algorithms.

methods in Figure 3.1.

Objective (3.8) seeks the optimal update vector within a local, ball centered at
the averaged gradienty., aiming to minimize the con ict between losses, as measured

by (3.7). It is important to note that g can, in principle, be replaced by any other

vector if the user has non-uniform preferences across multiple objectives. In such cases,

the CAGrad algorithm remains applicable, naturally adapting to these preferences.

Dual Objective = Temporarily ignoring the subscript ont, the optimization prob-
lem (3.8) involves decision variabled that has the same dimension as the number of

parameters in , which could be millions or even billions for a deep neural network.

Therefore, it is not practical to directly solve ford on every optimization step.
However, the dual problem of(3.8), as we will derive in the following, only involves
solving for a decision variablev 2 R¥, which can be e ciently found using standard

optimization libraries ( , ).

Proposition 3.4.1 (Dual Objective of CAGrad). Let d be the solution of

maxming d s:it: kgy dk ckgok;

d2R™ (2K |

ckgok
ng kglv )
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P
whereg, = ;w; g andw is the solution of
miglk O, % + ckgokkgyk; (3.9)

P
and S¢ = fw2 RX: W =1; w 0;8i 2 [K]g: In addition,

ming d = g, do+ ckgokkg, k: (3.10)
|

P
Proof. Denote = czkgokz. Note that minihg;di = miny,,wh ;wig;di. The La-
grangian of the objective in Eq. (3.8) is

R > 2 .
max g, gd phe o)

Since the problem is a convex programming and the Slater's condition holds when
¢ > 0 (On the other hand, ifc = 0, then it is easy to check that all the results hold
trivially), the strong duality holds and we can exchange the min and max:

: > 2 .
TR g ot

With ;w xing, the optimal dis achieved wherd = gy + g,= , yielding the
following dual problem

I _ _ 2 :
Wmlnog\lv(go-'- =) Ekgw— k® + 5

This is equivalent to
: > 1 2 .
iy Gt 5 kG 5
Optimizing out the we have

min g, do + P kowk; (3.11)

w2W

where the optimal = kgyk= 2. Eq. (3.10) is the consequence of strong duality.

As a result of the above, in practice, at each time stefy one can optimize
Eqg. (3.11), which becomes the full CAGrad algorithm. We summarize it in Algorithm 2.
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When k, the number of tasks, is small, one can use any standard optimization library

(e.g., Scipy package) to nd a numerical optimal solution.

Note that there exist a hyperparameterc in CAGrad. Setting ¢ = 0 recovers
the original gradient descent for the average losg. If we setc!1 , then it recovers
the Multiple Gradient Descent Algorithm (MGDA) ( , ). In the next
section, we will show that as long as 2 [0;1), CAGrad is guaranteed to converge to

an optimum for “o. In practice, it is safe to setc = 0:5.

Practical Speedup A typical drawback of methods that manipulate gradients
is the computation overhead. For computing the optimal update vector, a method
usually requiresk back-propagations to nd all individual gradients g;, in addition to
the time required for optimization. This can be prohibitive for the scenario with many
tasks. To this end, we propose to only sample a subset of tasks [k], compute their
corresponding gradientd g j i 2 Sg and the averaged gradienty,. Then we optimize
din:

P
: Kdo i2s G . . : .
i2S 9, . - 1. )
maxmin h—k S ;di; mizlsnhg.,dl s.t. kd gk ckgok (3.12)

Note that the convergence guarantee in Thm. 3.5.2 still holds for Eqg. 3.12 as the
constraint does not change. The time complexity i©((jSjN + T), where N denotes
the time for one pass of back-propagation an@l denotes the optimization time. For
few-task learning k < 10), usually T N. When S = [k], we recover the full
CAGrad algorithm.

3.5 Theoretical Results

In this section, we provide the convergence analysis of the CAGrad algorithm.

We will rst introduce the assumptions and then present the result.

Assumption 3.5.1. Assume individual loss functionSy; "1;:::; k are di erentiable on

R™ and their gradientsr “j( ) are all H-Lipschitz, i.e. kr “i(x) r “i(y)k Hkx vyk
50



for i 2 [k], whereH 2 (0;1 ). Assume , = inf ,rm o( ) is lower bounded, i.e.,

0> 1

Theorem 3.5.2 (Convergence of CAGrad) Assume Assumption 3.5.1 holds. With a
xed step size satisfying 0 < 1=H, we have for the CAGrad in Alg. 2:

1) If 0 c <1, then CAGrad converges to stationary points of; in the sense

that
2(o(0) o)
Kgo( 1)K* =2
=0 (1 )
2) Forany ¢ 0, all the xed point of CAGrad are Pareto-stationary points of
0, 17115 k)

Proof. We will rst prove 1). Consider the t-th optimization step and denoted ( )

the update direction obtained by solving (3.8) at thet-th iteration. Then we have

ol 1) o )= ot d (1)) o)
2
Go( )7d ()+ Hde ( YK
go( )7d (1) + Skd ( k2 /I 1=H

5 kgo( K+ kd ()K* K go( 1) d (K + SKd ( Ok

2
= 5 kao( K kd () gl )K
5(1 Akgo( 1)K //by the constraint in (3.8)

P
Using telescoping sums, we have( 1+1) 0(0) = (=2)1 &) [, kgl )k

Therefore

X 2Co(0) ol T41))
2 0 o\ T+1 .
T+1 (K 1 A(T+1)

t=0

- 2
minkgo( 1)K

Therefore, if "o is lower bounded, thatis, ; := inf 2rm o( ) > 1 ,thenmin; 1 kgo( t)k2 =
O(1=T). For generalc 0, in the xed point, we haved ( )= g( )+ gw () =0,

which readily match the de nition of Pareto Stationarity. ]
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In the following, we show that whenc > 1, and we use a properly decaying step

size, the limit points of CAGrad are either stationary points of o, or Pareto-stationary

Theorem 3.5.3. Under Assumption 3.5.1, assume > 1 and we a time varying step

size satisfying
O, (1) _
Y OH(C Dkgo( 0K’

wherew, is the solution of (3.9) at the t-th iteration, then we have

X min; (" (1
tkgo( 1)K gNt( t) 2 i( |((Z) 1)|( T 1)):
t=0
Therefore, if we have’; = inf ;gm "i() > 1 and c > 1, then we have

tkdo( )k 9w, (¢) ! Oast!l , meaning that we have either;! O, orkgo( )k

Oor gy () ! O.Inthis case, the actual behavior of the algorithm depends on the

G, (1)

speci ¢ choice of the step size. For example, if we take =
result becomes
X )
G, (1) 2Hmin(i( o) i( 741)):

t=0

which ensures gy, ( +) 1 0.

Proof. For any taski 2 [K],

HE
2

tmiingi( )7d ()~

kd ( )K*
H 2

2
2
t Ow (1)7G( )+ ckao( Ok Gw, () + H—Ztkd (Ok* /by (3.10)

i) i) tG(0)7d ()+

kd ( )K*
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Meanwhile, note that

2
. - LI
(0= w0+ <0 ()
:CZ lk tk2 ZCkgO(t)k t> .
(¢ + Dk ) +2 (76 ()
Kao( 1)K .
:Zc% O, ()7 0ol )+ kol 0K G (1) +(1 kgl IKE
Therefore,
) S0 !
k t k > t2
c1 H RO () k(DK G () L@ Dkgol K
O, (1) | 2
() kao( K H 2 )
¢t 1 H tcm (¢ 1kdo( 1)k gw, (1) T(Cz 1kgo( )k

2
= (e kool K Gu () * EE koo IR

O, ( 1) _
H(c 1)kgo( )k’

where inequality (*) uses Cauchy-Schwarz inequality. Therefore, a telescoping sum

1
5 (¢ Dkgo( )k gw, (1) llassume

gives

X mini(Ci( o) i T41)).
tkGo( K G, ( 1) 2 (c 1) .

t=0

Remark Based on the above analysis, we conclude that CAGrad converges to the
optimum of " for values ofc 2 [0;1). In the next section, we rst verify this claim
and then demonstrate empirically that CAGrad also mitigates con icting gradient
issues, resulting in enhanced multitask performance by achieving solutions closer to

the Pareto optimal set.
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Figure 3.2: The optimization challenges faced by gradient descent (GD) and
existing gradient manipulation methods like the multiple gradient descent algorithm
(MGDA) ( , ) and PCGrad ( , ). MGDA, PCGrad and
CAGrad are applied on top of the Adam optimizer ( , ). For
each methods, we repeat 3 runs of optimization from di erent initial points (labeled
with ). Each optimization trajectory is colored from red to . GD with Adam
gets stuck on two of the initial points because the gradient of one task overshadows
that of the other task, causing the algorithm to jump back and forth between the
walls of a steep valley without making progress along the oor of the valley. MGDA
and PCGrad stop optimization as soon as they reach the Pareto set.

3.6 Empirical Results

We conduct experiments to answer the following questions:

Question (1) Do CAGrad, MGDA, and PCGrad behave consistently with their
theoretical properties in practice? (yes)

Question (2) Does CAGrad recover GD and MGDA when varying the constant?
(ves)

Question (3) How does CAGrad perform in both performance and computational
e ciency compared to prior state-of-the-art methods on challenging multi-task learning

(MTL) problems under the supervised, semi-supervised, and reinforcement learning

settings? (CAGrad improves over prior state-of-the-art methods under all settings)

3.6.1 Convergence and Ablation over c

To answer questiong1l) and (2), we create a toy optimization example to
evaluate the convergence of CAGrad compared to MGDA and PCGrad. On the

same toy example, we ablate over the constaestand show that CAGrad recovers
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Figure 3.3: The left four plots are 5 runs of each algorithms from 5 di erent
initial parameter vectors, where trajectories are colored from red to . The
right two plots are CAGrad's results with a varying c¢ 2 f 0; 0:2; 0:5; 0:8; 10g.

GD and MGDA with proper c values. Next, to test CAGrad on more complicated
neural models, we perform the same set of experiments on the Multi-Fashion+MNIST
benchmark ( : ) with a shrunk LeNet architecture ( : ) (in

which each layer has a reduced number of neurons compared to the original LeNet).

For the toy optimization example, we modify the toy example used by Yu et
al. ( , ) and consider = ( 1; ») 2 R? with the following individual loss
functions:

()= al)fi( )+ e )a( ) and “2( ) = al )f2( )+ c( )g( ); where
fi()=log max(Oo:5( . 7) tanh( 5)j; 0:000005) +6;

fo( )=log max(jo5( :+3) tanh( ,)+2j; 0:000005) +6;

a()= ( 1+7)?+0:1 ( , 82 =10 20

R()= ( 1 7%+0:1 ( , 8)») 10 20

ci( )=max(tanh(0:5 5); 0) and c( ) =max(tanh( 05 5); 0):

The average loss, and individual losses'; and ", are shown in Figure 3.2. We then
pick 5 initial parameter vectors iy 2 f ( 85;7:5);( 85;5);(0;0);(9;9);(10; 8)gand

plot the corresponding optimization trajectories with di erent methods in Figure 3.3.

Observation:  As shown in Figure 3.3, GD gets stuck in 2 out of the 5 runs while
other methods all converge to the Pareto set. MGDA and PCGrad converge to

di erent Pareto-stationary points depending on i,; . CAGrad with ¢ =0 recovers GD
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